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Example
Quadcopters subject to spatially varying turbulence
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Quadcopter Scenario

State x ∈ RD

I x = [x , y ]

Control u ∈ RF

I u = [ẋ , ẏ ]

ẋ(t) = f (k)(x(t),u(t)) + ε(k)(t) if α(t) = k
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Method Overview

Stage One - Model Learning
Probabilistic transition dynamics model

Bayesian inference

Stage Two - Trajectory Optimisation

Geometric objective function
Implicit minimisation

I Project trajectory optimisation onto Geodesic ODE
I Solve with direct collocation
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Stage One - Model Learning
x̂t−1

f (k)t h(k)
t

f̂ (k) ĥ(k)ζ(k) ξ(k)

θ(k) φ(k)

σ(k) ∆xt αt

Cat

T
K

K

Marginal likelihood

p(∆x1:T |x̂1:T ) =

T∏
t=1

K∑
k=1

(〈
Pr
(
αt = k |x̂t−1, ĥ

)〉
p(ĥ|ξ)︸ ︷︷ ︸

Mixing Probability

〈
p
(
∆xt |x̂t−1, f̂ (k)

)〉
p(f̂(k)|ζ(k))︸ ︷︷ ︸

Dynamics Mode k

)
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GP Posterior over Desired Mode’s Gating Function
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GP Posterior over Desired Mode’s Gating Function
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Encode Goals in Cost Function

min
x(t),u(t)

∫ tf

t0
gmode(x(t)) + gepistemic(x(t))dt ∀t (1)

s.t. transition dynamics

x(t0) = x0 x(tf ) = xf

gmode - low in desired dynamics mode k∗

gepistemic - high in regions of the dynamics with high epistemic uncertainty
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Stage Two - Trajectory Optimisation
A geometric cost function?

Desired mode’s gating function h(k∗) : X→ R

State trajectory x̄ : [t0, tf ]→ X

Length of trajectory (in state space)

Length(x̄) =
∫ tf

t0
‖ẋ(t)‖2 dt (2)

Map through h(k∗)

Length
(
h(k∗)(x̄)

)
=

∫ tf

t0

∥∥∥ḣ(k∗)(x(t))
∥∥∥

2
dt =

∫ tf

t0
‖Jxt ẋ(t)‖2 dt (3)
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Stage Two - Trajectory Optimisation

A geometric cost function?
Locally defined norm

‖Jxt ẋ(t)‖2 =
√

ẋ(t)JT
xt

Jxt ẋ(t) =
√

ẋ(t)Gxt ẋ(t) (4)

Encodes gmode

Jgeo = min Length(h(k∗)(x̄)) = min
∫ tf

t0
‖ẋ(t)‖G(x(t)) dt (5)

How do we encode gepistemic?
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‖Jxt ẋ(t)‖2 =
√
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Stage Two - Trajectory Optimisation

Metrics for Probabilistic Geometries
a

p
(
J∗|x∗, ξ(k)

)
=

∫
q
(
ĥ(k)

)
p
(
J∗ | x∗, ĥ(k), ξ(k)

)
dĥ(k) = N (J∗ | µJ ,ΣJ ) (6)

G = WD
(
p,ΣJ ,E

[
JT ]E[J]) (7)

E[G] = E[JT ]E[J] + λΣJ (8)

aAlessandra Tosi et al. “Metrics for Probabilistic Geometries”. In: Proceedings of the 30th
Conference. Uncertainty in Artificial Intelligence. 2014, pp. 800–808
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Implicit Minimisation
Geodesic ODE
a

ẍ(t) = fG(t , ẋ,x)

= −
1
2
G−1(x(t))

[
∂ vec[G(x(t))]

∂x(t)

]T
(ẋ(t)⊗ ẋ(t))

aManfredo do Carmo. Riemannian Geometry. Mathematics: Theory & Applications. Birkhäuser
Basel, 1992

Solve geodesic ODE subject to BCs

x(t0) = x0 x(tf ) = xf
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Hermite-Simpson Collocation
Approximate ODE with piecewise quadratic functions

Collocation points {zi ∈ X}Ii=1
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Hermite-Simpson Collocation
Approximate ODE with piecewise quadratic functions
Collocation defects at mid points ∆i = z̈i+ 1

2︸︷︷︸
Interpolated

− fG(ti+ 1
2
, żi+ 1

2
, zi+ 1

2
)︸ ︷︷ ︸

ODE
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Hermite-Simpson Collocation
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Results
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The Niggly Bits

Data collection requires entering undesired dynamics modes. . .

I Geometry inspired active learning?

Is it OK to project stochastic dynamics model onto a deterministic ODE?

How to set tolerance?
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Thanks for Listening

Questions?
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Thanks for Listening
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