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Summary

Deep neural networks have limitations in estimating uncertainty, incorporating new data, and avoiding catastrophic forgetting. To overcome these issues,
we introduce a method that converts neural networks from weight-space to a low-rank function-space representation using dual parameters.
Unlike previous methods, our approach, named Sparse Function Representation (SFR), captures the full joint distribution of the entire data set,
not just a subset. This allows for a concise and reliable way of capturing uncertainty and facilitates the inclusion of new data without the need for
retraining. We provide a proof-of-concept quantifying uncertainty for supervised learning tasks on UCI benchmark data sets.

© g + Data + Data
—NN output \ —Mean

+ 95% interval
)
+—
D)
1=
=S ()
O

|

T Sparse inducing points

I 11 T T 1 Il

0 0.4 0.8 1.2 1.6 2 0 0.4 0.8 1.2 1.6 2
Input, z Input,

Regression w/ 2-layer MLP. Prediction from a trained neural network (left)
and from our approach using inducing points to summarize the training
data (right). SFR captures the predictive mean and uncertainty, and can
incorporate new data without retraining the model.

NN Function-space Representation

Inputs in a supervised setting for NNs f,, : RP — RY:

* D= {(x;,y:)}Y,, adata set w/ input x; € R” and output y; € R";
= w € RY, the initial weights of the neural network.

Goal: minimize the empirical (regularized) risk loss function:
w* = argmin £(D, w) = argmin >, £ fu(x:), yi) + IR (W).
Output: w*, the Maximum A-Posteriori (MAP) weights of the NN.

How to capture distribution over NN model functions?

Use their first two moments, obtaining a Gaussian process with a mean
function u(-) and a covariance function x(-, -) (or kernel).

For GPs, linear approximations in weight space lead to function-space
equivalent approximations:

px)=0 and wlx,x) = ;67(x) H(x)

For NNs, we can use the Laplace-GGN approximation to get a linear model
of the neural network at the MAP as:

1
o (X) & T ()W = () =0 and (x,X) = = Ta () T3 (),

where Jw(x) :

fx) 60w =

Vwfw(x)] € RE*T is the Jacobian at w*.

HMC result as baseline

Neural network prediction  Sparse function-space representation

Uncertainty quantification for classification (7 vs. ®). We convert the
trained neural network (left) to a sparse GP model with a set of induc-
ing points ® (middle). Results show a similar behaviour as running full
Hamiltonian Monte Carlo (HMC) on the original NN model weights (right).
Marginal uncertainty depicted by colour intensity.

SFR: Sparse Function Representation

GP predictive posterior:
Eys, 1y fi] = ke and
Varp(my)[fi] = k;; — k;;(KXX + diag(ﬂ)_l)_lkxi

with dual parameters a = {a;}¥,, B = {Bi}2L:

D=

Qv = IE‘ﬂj'p(WIy) [vf log p(y; | f>|f=f¢] and (3)
Bi = —Epwy)[Virlogp(yi | fi)l 1=y (4)
We consider the MAP of p(w | y), and get &, B € RY:
a; = &; = Vylogp(yi| f)ly=y and (5)
Bi ~ B ==V logp(yi| [)l=r (6)

Cons: requires access to all data — O(N?)
Sparse GP (SFR) predictive posterior:
By s, y)1fi] = Egun)[fi] = koK anc (7)
Va1, y)[fi] & Varg,m)[fil = ki — k(K — (Ko + Bu) 'y (8)
given inducing points u; = fy+(z;) with {z;};1, — O(M”’) with (M < N)

with SFR dual parameters o, € RM, B, € RM*M.

N N
oy =) kud; and By=) kupik,, (9)

Results on UCI datasets

SFR
(GP)

NN MAP BNN GLM

| Ablations (M=32)

GP Subset  GP Subset SFR SFR

PGP apy (NN) (GP) (NN)

AUSTRALIAN  0.31+.01 0.424+.00 0.32+£.02 0.324.03
0.11+.02 0.194£.00 0.10+.01 0.11+£.03
IONOSPHERE  0.35£.02  0.50£.00 0.29+£.01 0.344.04
GLASS 0.95£.03 1.41£.00 0.86+.01 0.93+.08
0.42+.01 0.89£.00 0.43£.01  0.48+£.03
WAVEFORM  0.34+£.00 0.52£.00 0.34+.00 0.354.02
DIGITS 0.09+£.00 0.88+.00 0.25+.00 0.37£.02
0.23+.00 0.48£.00 0.244£.00 0.29+.01

CANCER

VEHICLE

SATELLITE

0.32+.03 | 0.51+.01 0.33x=.02 0.33£.03 0.32%.03
0.11+.03 | 0.41£.02 0.11£.03 0.11+£.03 0.10£.04
0.34+.04 | 0.54£.02 0.34£.05 0.34+.04 0.30+£.06
0.93+.08 | 1.15£.05  0.99£.07 0.95£.08 0.87+£.07
0.48+.03 | 1.02£.03  0.58+.02  0.54£.02 0.49+£.02
0.35£.02 | 0.57£.02 0.36*£.02 0.35+.02 0.34+.03
0.08+.03 | 1.65+.04 0.43+£.01 0.43£.01 0.32+.02
0.27+.01 | 1.12£.04 0.36+£.01 0.33£.01 0.28+.01
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